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The standard models contain chiral fermions coupled to gauge theory. It has been a long-standing
problem to give such gauged chiral fermion theories a non-perturbative definition. Based on the
classification of quantum anomalies and symmetric invertible topological orders via a mathematical
cobordism theorem, and the existence of non-perturbative interactions gapping the mirror world’s
chiral fermions for any all-anomaly-free theory, here we show rigorously that the standard models
from the SO(10) and SO(18) grand unifications (more precisely, Spin(10) and Spin(18) chiral gauge
theories) can be defined non-perturbatively via a 3+1D local lattice model of bosons or qubits, while
the standard models from the SU(5) grand unification can be realized by a 3+1D local lattice model
of fermions. This represents a unification of Matters and Forces by Quantum Information.
The standard models,1–3 U(1) × SU(2) × SU(3) gauge
theories coupled to fermions and bosons, are believed to
describes elementary particles. In the standard standard
model, there are 15 of 2-component Weyl fermions per
family. There are also non-standard standard model,
such as the one from the SO(10) grand unification4 which
has 16 Weyl fermions per family. But for a long time, the
standard models were only defined via perturbative ex-
pansion, which is known not to converge. So the standard
models were not well-defined quantum theories. This is
the long-standing gauged chiral fermion problem: how
to define a chiral fermion theory5 coupled to gauge field,
non-perturbatively and in the same dimension, as a well-
defined quantum theory with a finite dimensional Hilbert
space for a finite-size system. In this work, we use the
term gauged chiral fermion theory to mean chiral fermion
theory coupled to a non-dynamical background gauge
field. In fact, the gauge theories focused in this article
are mostly non-dynamical, unless mentioned otherwise.
There were many previous unsuccessful attempts,
such as lattice gauge approach,6,7 Ginsparg-Wilson
fermion approach,8 Domain-wall fermion approach,9,10
and Overlap-fermion approach.11,12 In the Ginsparg-
Wilson fermion approach the to-be-gauged symmetry is
not an on-site symmetry,13–16 and cannot be gauged.
In the Domain-wall fermion approach, we have an ex-
tra dimension, where the dynamical gauge fields can
propagate, which is inconsistent with experiments. The
overlap-fermion approach is a reformulation of domain-
wall fermion approach and also encounter problems.
In this work, we aim to show that the gauged chi-
ral fermion problem in both the 16-fermion and the 15-
fermion standard models can be solved via a generalized
lattice gauge approach. In the standard lattice gauge
approach, the fermions do not interact directly. The
generalized lattice gauge approach simply adds an ex-
tra direct fermion interaction, or an indirect fermion in-
teraction via some Higgs fields. This generalized lattice
gauge approach (which is referred as the mirror fermion
approach) was proposed in 1986.17,18 In such an ap-
proach, one starts with a lattice model containing chi-
ral fermions (the normal sector) and a chiral conjugated
mirror sector, with a to-be-gauged symmetry acting as an
on-site symmetry. Then, one includes a proper fermion
interaction19,20 trying to gap out the mirror sector com-
pletely, without breaking the on-site symmetry and with-
out affecting the low energy properties. Last, one can
gauge the on-site symmetry to obtain a gauged chiral
fermion theory, regularized by a lattice model. However,
the extensive studies on the mirror fermion proposal21–24
failed to demonstrate that interactions can fully gap out
the mirror sector without breaking the symmetry and
without modifying the low energy dynamics of the normal
sector. It was pointed out in Ref. 25 that “attempts to
decouple lattice fermion doubles by the method of Swift
and Smit cannot succeed.” As a result, many people gave
up the mirror fermion approach.
Recently, Ref. 26 claimed that any theory that is free
of all anomalies can be realized by a local lattice model
in the same dimension via an approach similar to the
mirror fermion approach. (In this work, a local lattice
model is a lattice model of bosons and/or fermions with
short-range interactions and a tensor-product structured
Hilbert space.) Such a result is obtained from a classi-
fying understanding of anomalies. Anomaly is a prop-
erty of an anomalous theory that seems not well-defined.
How to classify a property of not-well-defined theories?
The anomaly inflow picture relates anomalous field theo-
ries to the boundary of other field theories in one higher
dimension.27,28 Ref. 29 systematically described anoma-
lies in field theories in terms of topological invariants in
one higher dimensions (such as the indices of linear op-
erators), which turn out to be cobordism invariants.30
However, to construct a lattice regularization of a field
theory, we need to relate anomalies to lattice models.
This was done in Ref. 31, where the lattice relation al-
lows us to classify anomalies.
To describe the result in Ref. 31, we need to introduce
a few concepts. There are anomalous theories that can be
realized as the low energy effective boundary theory of a
gapped local lattice model in one higher dimension, where
the global symmetry, if any, is realized as an on-site sym-
metry. We will call this kind of anomalies b-anomalies.
There are also anomalous theories that cannot be real-
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2ized as the low energy effective boundary theory of any
gapped local lattice model in one higher dimension. We
will call this kind of anomalies r-anomalies. There are in-
vertible anomalies that can be canceled by other anoma-
lies. (The anomalies discussed in field theory literature
are mostly invertible anomalies.) There are also non-
invertible anomalies that cannot be canceled by any other
anomalies. There are bosonic anomalies where the local
operators in the corresponding anomalous theories are
all bosonic. There are fermionic anomalies where some
local operators in the corresponding anomalous theories
are fermionic. For example, a 1+1D chiral Weyl fermion
theory H = iψ†∂xψ has a fermionic invertible b-anomaly.
A 3+1D Weyl fermion doublet coupled to a dynamical
SU(2) gauge field has the Witten SU(2) anomaly,32 which
is a bosonic invertible r-anomaly. It is bosonic since all
the local operators are gauge invariant and bosonic. It
is a r-anomaly, since the Weyl fermion coupled to SU(2)
gauge theory cannot be realized as a boundary of any
gapped local bosonic lattice model.33 A Z2 gauge theory
in 2+1D or above with only Z2 charge excitations has a
bosonic non-invertible b-anomaly, realized as a boundary
theory of a one-higher-dimensional Z2 gauge theory.
The classification in Ref. 31 is a classification of all
b-anomalies in term of the topological orders34 or sym-
metry protected topological (SPT) orders13,14,35 in local
lattice models in one higher dimension. A b-anomaly is
invertible if it is characterized by an SPT order or an
invertible topological order36–39 in one higher dimension.
In this work, we will only discuss invertible b-anomalies.
From now on, by anomalous field theory, we will mean
field theory with an invertible b-anomaly.
According to the above classification, an anomaly-free
field theory is nothing but a boundary theory of a triv-
ial tensor product state on one-higher-dimension lattice.
The generalization of anomaly inflow to lattice is crucial
to obtain this result, since some of the key concepts, like
tensor product state and on-site symmetry, require a lat-
tice to define. This result can be used to solve gauged chi-
ral fermion problem via the mirror fermion approach:26
Given a d + 1D gauged chiral fermion theory, we first
find a gapped d + 2D lattice model whose boundary re-
alizes the d + 1D gauged chiral fermion theory. The to-
be-gauged symmetry is realized as an on-site symmetry
of the d + 2D lattice model. Then we determine if the
ground state of the d + 2D lattice model has a trivial
topological order and SPT order or not. If the d + 2D
ground state is a trivial product state, then the d + 1D
gauged chiral fermion theory can be realized as the low
energy effective theory of a d+ 1D local lattice model.
In fact, we can choose the d + 1D lattice model to be
a slab of the d + 2D lattice model with a finite number
of layers in the extra dimension. In such a model, the
normal sector lives on one surface of the slab and the
mirror sector lives on the other surface of the slab. If the
normal sector is free of all anomalies, it implies that the
d+2D bulk is actually a trivial phase (i.e. a tensor prod-
uct state). If so, the mirror sector can be fully gapped out
without breaking the on-site symmetry and without gen-
erating a boundary topological order.16,40 Last, we gauge
the on-site symmetry to obtain a gauged chiral fermion
theory. Since the d + 2D slab has only a few layers, the
d+ 2D slab is actually a d+ 1D lattice model with a few
orbitals per site. Thus any gauged chiral fermion theory,
that can be realized as the low energy effective boundary
theory of a gapped local lattice model in one higher dimen-
sion, can be realized as the low energy effective theory of
a local lattice model in the same dimension, as long as
the theory is free of ALL anomalies.26
We remark that for certain amonalous d + 1D chiral
fermion theory with gauge group Gg, their correspond-
ing d + 2D topological/SPT orders can have a gapped
boundary that does not break the Gg symmetry, but has
a non-trivial boundary topological order.16,40 For such
an amonalous chiral fermion theory, we can have a lat-
tice model in the same dimension that exactly realizes all
the low energy particles of the amonalous chiral fermion
theories. However, the full low energy effective theory of
the lattice model will contain an extra gauge group Gextra
(in additional to Gg) prescribing the non-trivial bound-
ary topological order. Thus, if we only concern about
low energy particles, even some amonalous gauged chi-
ral fermion theories can be regularized by lattice models
in the same dimension.26 But the lattice models will also
produce an extra Gextra-gauge theory with no low energy
particles.
The 16-fermion standard model can be obtained
from a 3+1D Spin(10) chiral gauge theory, coupled to
Weyl fermions in the 16-dimensional representations of
Spin(10). Such a Spin(10) chiral gauge theory is free of
all perturbative anomalies.41–43 But it is not clear if the
theory is free of all other non-perturbative anomalies or
not. Ref. 26 provides an argument that the Spin(10) chi-
ral gauge theory is free of all anomalies, by proposing a
sufficient condition: A gauged chiral fermion theory in
d + 1-dimensional spacetime with a gauge group Gg is
free of all anomalies if (0) it can be realized as a low
energy effective boundary theory of a gapped local lattice
model in one higher dimension, (1) there exist a non-zero
Higgs field that makes all the fermions massive, and (2)
pin(Gg/Ggrnd) = 0 for 0 ≤ n ≤ d+ 2, where Ggrnd is the
unbroken gauge symmetry group for the non-zero Higgs
field. The chiral fermions satisfying the above conditions
can be gapped out by a direct or a boson-induced in-
teraction without breaking the symmetry even when the
fermion mass term is forbidden by the symmetry. This
new mechanism to give fermions a mass is referred as
“mass without mass term.”44
But the above argument is based on an assump-
tion that a smooth orientation fluctuation of Higgs field
can give rise to a symmetric disordered phase. Such
an assumption is examined in Ref. 45 for a 1+1D
model. Some other related approaches have also been
proposed.15,44,46–48 In this work, we will show rigorously
that the above Spin(10) chiral gauge theory is indeed free
of all anomalies and can be defined on a 3+1D lattice.
3A 3+1D two-component Weyl fermion can be realized
at the boundary of a fermion hopping model on a 4d
spatial cubic lattice with a Hamiltonian operator26
Hˆhop =
∑
ij
(tabij cˆ
†
a,icˆb,j + h.c.), (1)
which has 4 fermion orbital per site (a, b = 1, · · · , 4). The
4× 4 hopping matrices tij are given by
H4d(k1, k2, k3, k4) (2)
= 2[Γ1 sin(k1) + Γ
2 sin(k2) + Γ
3 sin(k3) + Γ
4 sin(k4)]
+ 2Γ5[cos(k1) + cos(k2) + cos(k3) + cos(k4)− 3]
(in the momentum k-space), where Γ1 = σ1 ⊗ σ3, Γ2 =
σ2⊗σ3, Γ3 = σ3⊗σ1, Γ4 = σ0⊗σ2, Γ5 = σ0⊗σ3, which
obey {Γi,Γj} = 2δij . If the 4d lattice is formed by two
layers 3d cubic lattices, the one-body Hamiltonian in the
(k1, k2, k3)-space is given by the following 8-by-8 matrix
H3d(k1, k2, k3) =
(
M1 M2
M†2 M1
)
, where
M1 = 2[Γ
1 sin(k1) + Γ
2 sin(k2) + Γ
3 sin(k3)]
+ 2Γ5[cos(k1) + cos(k2) + cos(k3)− 3],
M2 = − iΓ4 + Γ5. (3)
One can directly check that the above 3d fermion hopping
model gives rise to one two-component massless Weyl
fermion on each of the two surfaces of the 4d lattice.
The Weyl fermion on one boundary is a left-hand Weyl
fermion and on the other boundary is a right-hand Weyl
fermion. 16 copies of the lattice model (2) give rise to the
3+1D Weyl fermions in the 16-dimension representation
of Spin(10) on the lattice boundary.
The 4d hopping model (16 copies of (2)) gives rise to a
non-trivial 4+1D Spin(10)-SPT order for non-interacting
electrons.49 But such a state may correspond to a triv-
ial interacting fermionic Spin(10)-SPT order. If so, the
3+1D Spin(10) chiral Weyl fermions will be free of all
anomalies. To address this issue, we use a recent com-
plete classification50–53 of fermionic invertible topolog-
ical orders on lattice with on-site symmetry, via spin
cobordism theory. This classification includes all inter-
acting fermionic SPT orders.54–58 We first note that, for
fermions with internal symmetry Gg in D spacetime di-
mensions, they transform as G =
Spin(D)×Gg
Zf2
under the
combined spacetime rotation and internal Gg transfor-
mation, where a double counted fermion parity symme-
try Zf2 is mod out. We find that 4+1D fermionic invert-
ible topological orders with Spin(N) on-site symmetry
(N ≥ 7) are classified by the 5-th cobordism group:
ΩD=5
(Spin(D=5)×Spin(N))/Zf2
= Z2, (4)
Mathematical details for the above result are presented in
Refs. 52, 59, 60, see also 61. We classify the deformation
classes of invertible topological quantum field theories via
ΩDG , by classifying the cobordant differentiable and tri-
angulable manifolds with a stable G-structure, via asso-
ciating them to the homotopy groups of Thom-Madsen-
Tillmann spectra,62,63 thanks to a theorem in Ref. 51.
The above result implies that there is only one non-
trivial 4+1D fermionic topological phase with Spin(N)
on-site symmetry. We find that such a topological phase
is characterized by a topological invariant59,60
e ipi
∫
M5
w2(TM)w3(TM), (5)
where wn(TM) is the n
th-Stiefel-Whitney class64 for the
tangent bundle of 4 + 1D spacetime M5. We note that
on M5, we have a Spin(D=5)×Spin(N)
Zf2
connection — a
mixed gravitational and gauge connection, rather than
the pure gravitational Spin(D = 5) connection, such
that w2(TM) = w2(VSO(N)) and w3(TM) = w3(VSO(N)),
where wn(VSO(N)) is the n
th-Stiefel-Whitney class for an
SO(N) gauge bundle. Thus, M5 may not be a spin man-
ifold with w2(TM) = 0. We see that the topological
state requiring the Spin(N) symmetry is a Spin(N)-SPT
order. The boundary of this Spin(N)-SPT order has a
mixed anomaly of SO(N)-gauge bundle and spacetime
geometry/gravity. Namely, we find that there is only
one 3+1D anomaly for fermion systems with Spin(N)
symmetry (N ≥ 7), which is a non-perturbative mixed
anomaly characterized by e ipi
∫
M5
w2(TM)w3(TM).
For a 3+1D Spin(N) chiral gauge theory coupled to
Weyl fermions in the spinor representation, we like to
know if it has such a mixed anomaly. Here we use a fact
that the mixed anomaly can be detected by restricting
to a SU(2) = Spin(3) subgroup of Spin(N).33 To see how
the representation of Spin(N) reduces to the representa-
tions of SU(2) = Spin(3), let us describe the representa-
tion of Spin(N) (the spinor representation of Spin(N)),
assuming N = even. We first introduce γ-matrices γa,
a = 1, · · · , N :
γ2k−1 = σ0 ⊗ · · · ⊗ σ0︸ ︷︷ ︸
N
2 −k σ0’s
⊗σ1 ⊗ σ3 ⊗ · · · ⊗ σ3︸ ︷︷ ︸
k−1 σ3’s
,
γ2k = σ
0 ⊗ · · · ⊗ σ0︸ ︷︷ ︸
N
2 −k σ0’s
⊗σ2 ⊗ σ3 ⊗ · · · ⊗ σ3︸ ︷︷ ︸
k−1 σ3’s
, (6)
k = 1, · · · , N2 , which satisfy {γa, γb} = 2δab and γ†a = γa.
Here σ0 is the 2-by-2 identity matrix and σl, l = 1, 2, 3
are the Pauli matrices. The N(N−1)2 hermitian matri-
ces γab =
i
2 [γa, γb] = iγaγb, a < b, generate a 2
N/2-
dimensional representation of Spin(N). The above 2N/2-
dimensional representation is reducible. To obtain irre-
ducible representation, we introduce
γFIVE = (−)N/2γ1 ⊗ · · · ⊗ γN = σ3 ⊗ · · · ⊗ σ3︸ ︷︷ ︸
N
2 σ
3’s
. (7)
We have (γFIVE)
2 = 1, TrγFIVE = 0, and {γFIVE, γa} =
[γFIVE, γab] = 0. This allows us to obtain two 2
N/2/2-
dimensional irreducible representations: one for γFIVE =
1 and the other for γFIVE = −1.
4Now, let us consider an SU(2) = Spin(3) subgroup of
Spin(N), generated by γ12 = I ⊗ σ0 ⊗ σ3, γ23 = I ⊗
σ1 ⊗ σ1, γ31 = I ⊗ σ1 ⊗ σ2. We see that the 2N/2/2-
dimensional representation of Spin(N) becomes 2N/2/4
isospin-1/2 representations of SU(2). Ref. 33 shows that
a single isospin-1/2 Weyl fermion with SU(2) symmetry
do not have the new SU(2) mixed anomaly characterized
by e ipi
∫
M5
w2(TM)w3(TM), but it has the Witten SU(2)
anomaly32 (another mixed anomaly) related to59,60
e ipi
∫
M5
Arf∪w3(TM), (8)
where Arf is the Arf invariant,65 which characterizes
the 1+1D fermionic chain whose open ends host Majo-
rana zero modes.66 When N ≥ 8, the number of isospin-
1/2 representations is even. Thus, for an even N ≥ 8,
a 3+1D Spin(N) chiral gauge theory coupled to Weyl
fermions in the 2N/2/2-dimensional representation does
not have any anomaly, and it can be regularized by a lat-
tice model in the same dimension. In contrast, a 3+1D
Spin(4) chiral gauge theory coupled to Weyl fermions in
the 2-dimensional representation has the Witten SU(2)
anomaly.
We remark that in this work, we only prove that there
exists a symmetric short ranged interaction that can fully
gap out the mirror sector without breaking the Spin(10)
symmetry. Our approach only shows such an interac-
tion does exist, but does not provide a prescription to
design such an interaction. The approach in Ref. 26 and
45 provides a design: the interaction in the mirror sec-
tor is given by smooth orientation fluctuations of Higgs
field (thus beyond the Higgs mechanism16,44), where a
constant orientation will gap out all the mirror fermions.
But the validity of the design requires confirmation by
numerical simulations. A first step is taken in Ref. 45
for a 1+1D system. In such a design, it is crucial that
the mass of the mirror fermions induced by the Higgs
field is comparable with the fermion band width. Many
previous calculations23,24 checking the mirror fermion ap-
proach choose an induced mass to be much bigger than
the band width (the infinity coupling limit), which will
fail to produce a chiral gauge theory at low energies.
Above we have discussed the lattice regularization of
a Spin(10) chiral gauge theory. To consider a lattice reg-
ularization of a SU(5) gauged chiral fermion theory, we
classify the 4+1D invertible fermionic topological order
with Zf2 × SU(5) symmetry by a cobordism group:59,60
ΩD=5Spin(D=5)×SU(5) = Z, (9)
where the topological invariant is given by the SU(5)
Chern-Simons 5-form, associated to perturbative anoma-
lies captured by Feynman diagram calculations. Thus
any SU(5) gauge theory coupled to chiral fermions, that
can be realized at the boundary of a 4+1D gapped local lat-
tice model, can be realized by a 3+1D local lattice model,
provided that the SU(5) gauge theory is free of the SU(5)
perturbative anomalies. In particular, the SU(5) grand
unified theory67 can be regularized by a lattice. This
implies that the 15-fermion standard model can be reg-
ularized by a lattice.
By far we only show that anomaly-free gauged chiral
fermion theories can be defined on the lattice with non-
dynamical gauge fields, realized with on-site symmetries
in its own dimensions. However, we can obtain a dy-
namical chiral gauge theory by dynamically gauging the
on-site symmetry — introducing dynamical gauge link
variables between local sites (e.g. dynamically sum over
gauge inequivalent configurations in the partition func-
tion). We emphasize if all gauge invariant operators are
bosonic, the above dynamical lattice gauge theory cou-
pled to fermions is actually a local lattice bosonic model
in disguise, as one can see from the slave-particle/parton
approach.68–72
We remark that the dynamical Spin(10) chiral gauge
theory coupled to Weyl fermions in the 16-dimensional
representation is a local bosonic theory, since all gauge
invariant operators are bosonic. The lattice model that
realizes the dynamical Spin(10) chiral gauge theory is
also a local bosonic model (see Appendix A). In other
words, the Spin(10) dynamical chiral gauge theory with
Weyl fermions in 16-dimensional representation, and the
induced 16-fermion standard model, can be realized as
the low energy effective theory of a local lattice model
of qubits (since any local bosonic lattice model can be
viewed as a lattice model of qubits). Based on the stabil-
ity of cobordism group of eqn. (4), our result directly ap-
plies to a Spin(18) chiral gauge theory,44,73 which is also
a local bosonic model. Thus our study implies that all
elementary particles (except the graviton) can be viewed
as originated from qubits.74–76 It is a concrete realiza-
tion of “it from qubit,”77 representing a unification of all
gauge interactions and matter fermions in term of quan-
tum information (i.e. qubits).
The statement that all elementary particles arise from
bosonic qubits has a falsifiable experimental prediction:
all fermions and their fermionic bound states must carry
non-trivial gauge charge.71,78 As a result, the “stan-
dard model” from a lattice qubit model cannot just have
U(1)×SU(2)×SU(3) gauge group, since such a standard
model indeed has fermionic bound states that carry no
gauge charge. Thus, the “standard model” from a lat-
tice qubit model must have a larger gauge group, e.g. a
new Z2 gauge sector, where we gain a new cosmic string
(worldsheet) – the flux line of the new Z2 gauge field.79
In contrast, the dynamical SU(5) chiral gauge theory
coupled to Weyl fermions in the 5- and 10-dimensional
representations is a fermionic theory, since some gauge
invariant operators are fermionic. The lattice model that
realizes the dynamical SU(5) chiral gauge theory is also a
local fermionic model (which is not a local lattice model
of qubits). The standard model from local fermionic lat-
tice models can have U(1)× SU(2)× SU(3) as its gauge
group. It does not require extra gauge groups.
Lastly we comment about the dynamics of these dy-
namical chiral gauge theories (as highly long-range entan-
gled states). At low energy of these chiral gauge theories,
5there could be emergent symmetries (e.g. higher-form
symmetries80) having new ’t Hooft anomalies. However,
emergent new anomalies only mean the emergent symme-
tries cannot be strictly regularized locally on-site, which,
we emphasize, is a rather distinct issue deviated from reg-
ularizing chiral fermion/gauge theories which we solved
earlier. After regularizing chiral fermion/gauge theories
on a lattice, and after dynamically gauging, the emergent
anomalies only constrain the dynamics of gauge theories
(e.g. gapless near a quantum critical fixed point, or emer-
gent symmetry spontaneously broken, etc.). We aim to
address the dynamics of gauge theories in future work.
We thank E. Witten for many helpful discussions and
comments. JW thank Z. Wan for collaborations on
Refs. 59 and 60. JW is supported by Corning Glass
Works Foundation Fellowship and NSF Grant PHY-
1606531. XGW is partially supported by NSF grant
DMR-1506475 and DMS-1664412.
Appendix A: A construction of 4+1D local bosonic
lattice model whose boundary realizes the 3+1D
Spin(10) chiral gauge theory
Below we will use the slave-particle/parton
approach68–70 to explicitly construct a 4+1D local
bosonic lattice model, whose boundary can give rise
to the dynamical Spin(10) chiral gauge theory coupled
to Weyl fermions in the 16-dimensional representation.
We start with a fermionic model on a 4d cubic lattice.
On each site we have 10Nf complex fermions ψˆα,m,
α = 1, · · · , 10, m = 1, · · · , Nf . So on each side, there
are 216Nf states. Now we project into the even fermion
subspace on each site, and turn the fermionic model
into a bosonic model with 216Nf−1 states per site. The
Hamiltonian for such a bosonic model is given by
Hˆ1 =
∑
〈ij〉
∑
αβ
(χˆαβij )
†χˆαβij +
∑
i
(−)inˆi, (A1)
χˆαβij =
∑
m
ψˆ†α,m,iψˆβ,m,j , nˆi =
∑
m,α
ψˆ†α,m,iψˆα,m,i.
The above model has [U(16)]Nsite local symmetry. In
the large Nf limit, χˆ
αβ
ij is weakly fluctuating and can be
replaced by χ(e iAij )αβ = 〈χˆαβij 〉 expectation value and
Aij is a 16× 16 Hermitian matrix to describe the U(16)
gauge fluctuation. This leads to the following emergent
U(16) gauge theory (at a mean-field level)
Hˆmean1 =
∑
〈ij〉
∑
αβ,m
[
ψˆ†α,m,iχ
∗(e− iAij )αβψˆβ,m,j + h.c.
]
+
∑
i
(−)inˆi, (A2)
The ground state is given by Aij = 0. The emergent
fermions are in a fully gapped product state and the
bosonic model Hˆ1 gives rise to a U(16) gauge theory at
low energies.
Next we reduce the U(16) gauge theory to Spin(10)
gauge theory by adding a term
Hˆ2 =
∑
i,m
Γαβγλψˆα,m,iψˆβ,m,iψˆγ,m,iψˆλ,m,i + h.c. (A3)
to break the [U(16)]Nsite local symmetry to a
[Spin(10)]Nsite local symmetry where the fermions ψα,m,i
form the 16-dimensional spinor representation. Γαβγλ
is the antisymmetric tensor which is invariant under
the Spin(10) transformations. The 4+1D bosonic model
Hˆ1 + Hˆ2 will give rise to an emergent Spin(10) gauge
theory with the fermions in a fully gapped product state.
Those fermions are also gapped on the boundary.
To have gapless Weyl fermions on the boundary, we
add the third term
Hˆ3 =
∑
ij
(tabij cˆ
†
α,a,icˆβ,b,jχˆ
αβ
ij + h.c.). (A4)
Now on each site we have fermions ψˆα,m and cˆα,a, but we
still project into the subspace with even fermion per site.
Hˆ1 + Hˆ2 + Hˆ3 acts within this subspace. So the model
is still a lattice bosonic model. When tij is given by
eqn. (2), the model Hˆ1+Hˆ2+Hˆ3 will give rise to emergent
massless Weyl fermions on the boundary coupled to the
Spin(10) gauge field.
Consider a 4+1D slab of the local bosonic lattice model
described by Hˆ1 + Hˆ2 + Hˆ3. We have shown that there
exists a boundary interaction, that allows us to gap out
the boundary Weyl fermions (without inducing a bound-
ary 3+1D topological order16) on one of the surfaces of
the slab. In this case, the 4+1D slab becomes a 3+1D
local bosonic lattice model that realizes a 3+1D dynam-
ical Spin(10) gauge theory coupled to Weyl fermions in
the 16-dimensional spinor representation.
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